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SHEAVES ON THE ALCOVES I: PROJECTIVITY AND WALL 

CROSSING FUNCTORS 

PETER FIEBIG, MARTINA LANINI 


Abstract. This paper is the first in a series of papers in which we define and 
study a category of “sheaves of Z-modules on the set of alcoves” that carries 
important information on the category of representations of semisimple Lie 
algebras in positive characteristics. Here, we define this category and study 
the structure of its projective objects using a new version of wall crossing 
functors. 


1. Introduction 

Let R be an irreducible root system in a real vector space V, and denote by 
A the corresponding set of alcoves, i.e. the set of connected components of the 
complement in V of the union of affine reffection hyperplanes. The choice of 
a system of positive roots endows A with a natural partial order, known as the 
generic Bruhat order. Now we view A as a topological space with the order ideals 
as open sets. 

We fix a field k and denote by S the symmetric algebra over k associated with 
the coweight lattice. There is a certain commutative F-algebra Z, depending on 
the root system, that appears in surprisingly many contexts. For k — C, it is 
the deformed categorical center of the principal block of the category O of the 
finite dimensional simple complex Lie algebra associated with R. It is also closely 
related to the categorical center of the principal block of restricted critical level 
category O of the corresponding affine Kac-Moody algebra. For any k, it is the 
torus equivariant cohomology with coefficients in k of the flag variety G v /R v , 
where G v is the semisimple simply connected complex algebraic group for the 
dual root system, and B v C G v is a Borel subgroup. For arbitrary k, Z is the 
structure algebra of the Bruhat graph associated with the root system R. 

In this paper we study sheaves of Z-modules on the topological space A, and 
we introduce a particular full subcategory C of sheaves that satisfy some natural 
conditions. Apart from some minor finiteness and reflexivity assumptions, the 
two important conditions are what we call the support condition and the local 
extension condition. The first concerns the structure of the ^-modules of sections 
supported on locally closed subsets, and the second the extension structure along 
root strings in A. For example, the standard objects in C are certain skyscraper 
sheaves "V (A) supported on a single alcove A. 
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The category C inherits an exact structure from the surrounding category of 
sheaves of 2-modules. For any alcove we show that there is an up to isomor¬ 
phism unique projective object &(A) in C that is indecomposable and admits 
an epimorphism onto Y (A) for any alcove A. 

This paper is the first of a series of papers that is devoted to the study of the 
category C and, in particular, its objects &(A). We show in forthcoming papers 
that they carry significant representation theoretic information. For example, the 
ranks of the stalks of the BB{A) yield, if the characteristic of k is larger than the 
Coxeter number, the Jordan-Holder multiplicities of baby Verma modules for the 
k- Lie algebra associated with R , and hence they encode the simple characters of 
the corresponding semisimple algebraic groups. 

Contents. In Section [5] we recall the definitions of the set of alcoves and of the 
generic Bruhat order. Some results concerning the right action of simple affine 
reflections on A are provided. The algebra 2 is defined in Section |3l where we 
also study the structure of 2-modules and introduce the notion of the 2-support. 

Section [4] states some basic results on (pre-)sheaves on partially ordered sets 
with values in an abelian category. Some sufficient conditions for a presheaf to be 
a sheaf are given. We define subquotients of flabby presheaves, and study short 
exact sequences. 

In Section ED we study sheaves of modules over the structure algebra 2 on the 
partially ordered set A. We discuss two important properties of such sheaves, the 
support condition and the local extension condition , which essentially define the 
category C. It contains a subcategory B of objects that admit a Verma flag. In 
Section [6] we associate a sheaf to any locally closed subset of A. As a particular 
example of this we obtain the standard objects Y(A). 

The category C is not abelian, but it inherits an exact structure from its sur¬ 
rounding category of sheaves of 2-modules on A. In Section[7]we study projective 
objects in C. Proposition 17.11 gives a sufficient condition for an object to be pro¬ 
jective. This result is then used to show that the sheaves associated to special 
sections are projective. These are the only projectives that we can construct di¬ 
rectly, and they serve as the starting points for a wall crossing algorithm that can 
be used to prove the existence (and some properties) of the other indecomposable 
projectives. 

In the final Section [8] the wall crossing functors id s : C — > C for affine simple 
reflections s are constructed. We describe the wall crossing algorithm, which also 
implies that the projectives actually admit a Verma flag, i.e. are contained in the 
subcategory B. 

Acknowledgements. This material is based upon work supported by the Na¬ 
tional Science Foundation under Grant No. 0932078 000 while the first author 
was in residence at the Mathematical Sciences Research Institute in Berkeley, 
California, during the Fall 2014 semester. The second author would like to thank 
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the University of Edinburgh, that supported her research during the final part of 
this project. Both authors were partially supported by the DFG grant SP1388. 

2. Alcove Geometry 

Fix a finite irreducible root system R in a real finite dimensional vector space 
V. For any a G R denote by cA G V* = Hom R (V, M) the corresponding coroot. 
Let (•,•): V x V* —> M be the natural pairing. Let 

X :={XeV\ (A, a v > G Z for all a G R}, 

X v := {v eV* \ (a, v) G Z for all a G R}, 

be the weight and the coweight lattice, resp. Note that the root lattice ZR is 
contained in X. Let R + C R be a system of positive roots. The dominant Weyl 
chamber is 

C + ■= {A G V | (A, a v > > 0 for all a G i?+}, 
and the antidominant Weyl chamber is 

C~ := {A G V | (A, a v ) < 0 for all a G R + }. 

2.1. Alcoves. For any positive root a G R + and n G Z we define 

H a , n := {/i G V | (/i, a v ) = n}, 

the affine reflection hyperplane associated with a and n, and 

H a,n -={^eV\ (/i, cfl) > n}, 

H a,n ■= {u e V I (/i,o v ) < n}, 

the corresponding positive and the negative half-space, resp. The affine reflection 
with fixed point hyperplane H an is 

s a ,n'- V —y V 

A h- y A — ((A, a v ) — n)a. 

It maps Hf n into Hf n and vice versa. 

Definition 2.1. (1) The connected components of V \ [j aeR + neZ H a n are 

called alcoves. We denote by A the set of alcoves. 

(2) The generic Bruhat order is the partial order ■< on A that is generated 
by the relations A ■< s ajn (A) for A G A, a G R + , n G Z with A C H~ n . 

The partially ordered set (A, A) will provide the topological space underlying 
the sheaf theory studied in Section [5j 
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2.2. The affine Weyl group. The affine Weyl group is the group W of affine 
transformations on V that is generated by the affine reflections s Qi „ for a G R + 
and n6Z. It stabilizes the set of affine hyperplanes and hence permutes the set 
of alcoves A. A is a principal homogeneous set for this action. 

Denote by A e the unique alcove that is contained in the dominant Weyl cham¬ 
ber C + and contains 0 in its closure. It is called the fundamental alcove. Then 
the map W —> A, w H > A w := w(A e ) is a bijection. Via this bijection, the natural 
right action of W on itself yields a right action of W on A (i.e. A x vj := A xw ). 
Denote by S C W the set of reflections along hyperplanes that have a codimen¬ 
sion 1 intersection with the closure of the fundamental alcove A e . Then (W, <S) 
is a Coxeter system. 

We denote by t \: V > V the affine translation /i i —> A + /i. Then 

^ ^a,n+(\,a v ) i — ^Q. ]n _|_(A,a v )' 

So t\ induces a bijection A —> A and it preserves the order F, i.e. A A B if and 
only if t\(A) f t\(B) for all A G X. 

Easy calculations yield: 

Lemma 2.2. (1) For a G R + and m,n G Z we have s a , n o s a)m = £( n -m)a- 

(2) For a G R + , n G Z and A G X we have s a , n °t\ — £ s 0 (a) ° s a , n - 

For A G ZR, we have t\ G W, as t a = s a ,i ° s Q ,o f° r any ol G R + . 

2.3. Boxes and special alcoves. Let A C R + be the set of simple roots. For 
A G X let ID C A be the set of all alcoves A contained in H + V \ i H H ~ vx 
for any a G A. The I1 a are called boxes. Each alcove is contained in a unique 
box, and each box I1 a contains a unique ^-maximal alcove Af. It is the unique 
alcove in I1 a that contains A in its closure. Following [ Lus80l, §1.1] we call an 
alcove A special if A = Af for some A G X. We denote by Af the unique alcove 
that is symmetric to Af with respect to A, i.e. it is the unique alcove contained 
in C + + A that contains A in its closure. 

Lemma 2.3. Let A G A and A G X with A G I1a. Then we can find si, ..., 
s n G S such that A = ■ ■ ■ s n and A -< • ■ • s n _i -<•••-< -< Af. 

Proof. We can End a vector S G C~ and interior points x G Af, y G A such 
that y = x + 5 and such that the straight line segment from x to x + 5 does not 
pass through the intersection of at least two hyperplanes. Hence there exists a 
sequence of alcoves A = A 0 -< Ai -< ... A n = Af such that A * and A i+ i share a 
wall for all i = 0,..., n — 1. □ 

2.4. Finite Weyl groups and special sections. Again we fix A G X. Denote 
by Wa the subgroup of W generated by the reflections s a ,(A,a v > f° r a £ R + - 
These are precisely the reflections that stabilize A. Conjugation with A-/j, yields 
an isomorphism Wa = W /t for all // G A. Denote by S\ C Wa the set of reflections 
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that stabilize (pointwise) a wall of A x . Then (Wa,<Sa) is a Coxeter system. We 
have W = Wa tx ZR. 

Set IC\ := Wa(^4a) c This is the set of alcoves that contain A in their 
closure. We call these subsets special sections. 

Lemma 2.4. (1) The map r — T\\ Wa — > 1C\, r(x) = x(Af) is a bijection 

that identifies the Bruhat order ^a on Wa with the restriction of ■< to IC\. 
( 2 ) The set fC\ is a full set of representatives for the ZR-orbits in A. 

Proof. We prove statement (1). Clearly r is a bijection. Since the translations 
t\ preserve the order ^ and yield isomorphisms of the finite Coxeter systems, 
we can assume A = 0. The Bruhat order ^ on Wo is generated by x < s a x if 
x _ 1 (q;) G R + . This is the case if and only if (x(v),a w ) = (v, x _1 (a v )) < 0 for all 
v G Aq , i.e. x(Aq ) G H~ 0 , which is the case if and only if s a x( A o ) e H o- Now 
the statements follows from the definition of the generic Bruhat order. 

Statement ( 2 ) follows from the facts that W = Wa k ZR and that A is a 
principal homogeneous W-set. □ 

2.5. Length functions on A. For any A G X let i\ : A —* Z be the length 
function relative to A (cf. [Lus80] ). For an alcove A, £\(A) is obtained as follows. 
Fix a path 7 in the real vector space V from the alcove A x to A (nothing will 
depend on the choice of this path). Then £\(A) = — (m + — m_), where m + is the 
number of hyperplanes that 7 crosses from the negative to the positive side, and 
m_ the number of hyperplanes that 7 crosses from positive to the negative side. 
Note that here we use a convention that is opposite to the one used in [Lus80j or 
j SoeOT l. 

Clearly, if s G S is an affine simple reflection such that A -< As , then £\(As) = 
h(A) - 1 . 

2.6. The right action of S. For us, the right action of the elements of S on A 
is of particular importance. Fix s G S. Note that for A G A, the elements A and 
As are always ^-comparable. An element A G A is called s-dominant if As A, 
and it is called s-antidominant if it is not s-dominant. 

Lemma 2.5. Let A G A be s-dominant. 

(1) The set {ALs,AL} is an interval, i.e. for any B G A with As P B P A we 
have B = As or B = A. 

(2) For B G A we have: 

(a) If B P A, then Bs A. 

(b) If As P B, then As Bs. 


Proof. (1) follows immediately from [ Lus801 (1.4.2)] and the definition of generic 
order therein. (2a) is |Lus80I Proposition 3.2], and (2b) is |Lus801 Corollary 
3.3], □ 
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A subset T of A is called s-invariant if Ts C T. For an arbitrary subset T of 
A define 

7^ := T C Ts, T # :=TUTs. 

Then r is the largest s-invariant subset of T, and T* is the smallest s-invariant 
subset of A containing W 

Definition 2.6. We say that a subset J of A is open if A G ff, B G A and 
B P A imply B G J. 

This notion is studied in more detail in Section Q] in the context of general 
partially ordered sets. 

Lemma 2.7. Suppose that J is open in A. Then J b and J * are also open in A. 

Proof. Suppose that A G B A A and assume that B -< Bs. We show that 
B , Bs G JK If A G J, then B G J as J is open, and hence Bs G Js. If A ^ J, 
then A G Js, ao As G J and As -< A. Lemma [2.51 implies B ■< As. But then 
B G J and hence Bs G Js. So J7’ tt is open. 

Suppose that A G and B A A. We want to show that B G . We have 
B G J as J is open, so we need to show that Bs G J. Interchanging the roles 
of A and As if necessary we can assume that As -< A. Then Lemma 12.51 implies 
that Bs A, hence Bs G J. So J b is open. □ 

Consider the left action of the group Z R on A. It preserves the partial order 
and commutes with the right action of s, so it preserves the sets of s-dominant 
and s-antidominant elements. Denote by A + the subset of s-dominant elements 
in A, and by A~ the complement of s-antidominant elements. 

Note that and A ± depend on the choice of the simple reflection s. We 

do not incorporate this in the notation, as these symbols are always used in the 
context of a fixed choice of s. 

Lemma 2.8. Suppose that J is open. Then A + and J \ C A~. 

Proof. Let A G \ J. Then A G Js, so As £ J and A -< As would imply 
A G J , a contradiction. Hence A G A + . Let A G J \ j' 9 . Then As ^ J. hence 
As A, so A P As and hence A G A~. □ 

2.7. ct-strings. Let a G R + and A G A. Then there is a unique n G Z such that 
A C H~ n n H+ n _ v Define 

af A:= s Q!n (A). 

Then A -< a f A, and a t •: A > A is a bijection. Denote by a f n the n-fold 
composition for n G Z. 

Definition 2.9. An a-string in A is a subset of A of the form {a f n A \ n G Z}. 

Remarks 2.10. (1) Each a-string is a totally ordered subset of A. 

(2) The generic Bruhat order ■< is also generated by the relations A P a f A 
for all A G A and a G R + . 
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Note that for any a-string A, the set As is an a-string as well. 

Lemma 2.11. Let A be an a-string and suppose that A U As is not a totally 
ordered subset of A. Then either A contains only s-antidominant or only s- 
dominant elements. 

Proof. Let A G A. Suppose that A is s-antidominant. It suffices to show that 
each element in A is s-antidominant. Note that A = {t na A n 6 Z} U {t n a{& T 
A) | n G Z}. As the translations preserve the order and commute with the right 
action of s on A^, it suffices to show that (a f A) A (a | A)s. But otherwise 
(a f A)s A (a f A), since both elements are comparable in any case. This leads 
to a contradiction as follows: as A A As, Lemma [2.51 implies A P (a f A)s. If 
A = (a f A)s, then A = As which contradicts our assumption that A^ is not 
totally ordered. Hence A -< (a f A)s. As As and ( a f A)s are contained in the 
same a-string, they are comparable. Again by Lemma [2751 {A, As} is an interval, 
so As -< (a f A)s, hence 

A A As A (at A)s A (a f A). 

Since the root translations preserve the order, this implies that A^ is a totally 
ordered set, contrary to our assumption. Hence (a f A) A (a f A)s. □ 

3. The structure algebra 

Let k be a held. We denote by Xf = X v ® z k the ^-vector space associated 
with the lattice X w . For convenience, for v G X v , we often denote by v its 
canonical image v 0 1 in X'f. 

Definition 3.1. We say that k satisfies the GKM-condition (with respect to 
R ), if char k ^ 2 and if any two distinct positive roots a and /3 are A;-linearly 
independent, i.e. if a ^ /c/3 in X'f for a ^ (3. 

From now on we fix a field k satisfying the above condition. Let S = S(X'f) 
be the symmetric algebra of the k- vector space X~jf. We consider S' as a Z- 
graded algebra with X]f C S being the homogeneous component of degree 2. 
For a graded S'-module M = © ne z M n the grading shift for Z G Z is defined 
by M[l\ = 0 ne z M[l\ n with M[l] n = M n+ i. Homomorphisms between graded 
modules are assumed to respect the grading. 

Let X be a subset of A. 

Definition 3.2. Denote by Z(X) the set of all T-tuples (zjf) G Y\a&x $ ^ffid 
satisfy the following properties: 

(1) Za = z Sa , n (A) m od a v for all A G X, a G R + and n G Z with s a ^ n (A) G X, 

(2) za = z t x (A) for all A G X and A G Z R with t\(A) G X. 

Then Z(X) is a commutative, graded, unital S'-algebra under coordinatewise 
addition and multiplication (note that the product is taken in the category of 


graded 5-modules). For X' C X the projection Y\a&x $ FI a&x' $ along the 

decomposition restricts to a homomorphism 

</>%': Z{X) ->• Z{X'). 


3.1. Special sections. Let A G X. Recall the definition of the special section 
K\ from Section 12.41 Note that 


Z{K,x) 


( z a) e 


® s 

AelCx 


z A = z ^x^)(A) mod a v l 
for all A G JC\, a G R + J 


Lemma 3.3. The homomorphism Z -A- Z(JC\) is an isomorphism. 


Proof. As IC\ is a section for the ZR -action on A, the homomorphism is injective. 
For (za) G Z(JC\) and B G A define z' B = if B G A + ZR. We claim that (V) 
is contained in Z. Clearly, property (2) of Definition 13.21 is satisfied. Let a G R + 
and n G Z and let A, A' G /Ca be the representatives of the ZR -orbits of B and 
s a ,n{B). Then A' = s Q! (A,a v )(A) by Lemma [2721 Hence za = za' m od a v , hence 
zb = z Sa n (B) mod a v . It follows that z ' ~ ( z b ) is contained in Z, and it is, by 
construction, a preimage of z. □ 


The following innocent looking statement is in fact one of the cornerstones of 
the theory. 


Proposition 3.4. Suppose that J C /Ca is an open subset. Then the homomor¬ 
phism Z —> Z(J) is surjective. 


Proof. In order to prove this proposition, we use the theory of Braden-MacPherson 
sheaves on moment graphs associated to root systems. First, note that the ho¬ 
momorphism Z —> Z{J) factors over the restriction Z —y Z(JC\). By Lemma 
13.31 this is an isomorphism. So it is enough to show that the restriction Z{t Ca) —> 
Z(J) is surjective. Let us identify the sets Wa and /Ca via the bijection T\ stud¬ 
ied in Lemma I2T41 As (Wa,5a) is isomorphic to (Wo,5o), we can identify Z{fC\) 
with 


Z(R) := 



z x = z s a , 0 x mod a v 1 
for all x G Wo, a G R + j 


This is the structure algebra associated with the finite Coxeter system (Wo,5o) 
and its (representation faithful) representation on X k . As T\ is order preserving, 
the set J corresponds to an open subset of Wo with respect to the Bruhat order. 
Then the statement is equivalent to saying that Z(R) is flabby in the sense of 
Definition 3.6 in [Field] . This is the case, by Proposition 4.2. in loc. cit., if 
and only if Z(R) coincides with the global sections of the Braden-MacPherson 
sheaf BB on the finite moment graph Q associated to the above reflection faithful 
representation. Now the latter statement is true if and only if all the ranks of BB 
on vertices of Q are 1. This fact has been shown in |Lanl21 Corollary 6.1]. 


□ 
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In the following sections we collect some simple facts about the category of 
2 -modules. 

3.2. Localizations. Set 

S 0 : = Sty- 1 | p is a label of 0] 

and for a label a of Q set 

S a := Si/3- 1 | p is a label of Q and /3 £ ka}. 

For an S-module M we set M 0 := M S ' 0 and M a := M <Z>s S a . If M is torsion 
free as an S'-module, then we have canonical inclusions M C M a C M 0 . 

For a G R + set 

W a = (s a ,n, n G Z) + ZR. 

We denote by Si 0 := A/ZR and *4° := A/W a the corresponding orbit sets. 

Lemma 3.5. (1) The inclusion Z C 0 xe ^0^(^) becomes an isomorphism 

after applying the functor ■ Z>s S . 

(2) Lef a G i? + . T/ien t/ie inclusion Z C 0 re ^ a 2(r) becomes an isomor¬ 
phism after applying the functor ■ S 0 . 

Proof. As 2 is torsion free as an S-module, the localizations of the inclusions 
are injective again. Hence we only have to prove that they are surjective. Let 
us prove part (2). Let 7 G S be the product of all (3 G R + \ {a}. Then 7 is 
invertible in S a . Then for any z G 0 r 2(r) the element 72 is contained in 2, 
hence z = 7 _ 1 ( 7 ^) is contained in 2 S a . Hence the surjectivity. Part (1) is 
proven in an analogous way. □ 

3.3. Localizations of 2-modules. Here is the definition of a convenient cate¬ 
gory of 2 -modules. 

Definition 3.6. We denote by 2-rriod^ the full subcategory of the category of 
2-modules that contains all objects M that satisfy the following: 

(1) as an S'-module M is torsion free, 

(2) M = n„ 6R+ c M». 

Let M G 2-mod''. Then M a is a 2"-module, and Le mm a [3~5l yields a canonical 
decomposition 

M a = 0 M"’ r , 
re.4“ 

where each M a,r is a 2(r)-module. Analogously there is a canonical decomposi¬ 
tion 

M 0 = 0 M 0 ’A 

xGA® 
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As M is torsion free as an S'-module, we view M as a submodule in M 0 . The 
above decomposition allows us to write each m e M as an A®-tuple (m r ) with 
m x e M®' x . 

Definition 3.7. The Z-support of M is supp^M := {x G JP | M® ,x f 0}. 

Remark 3.8. Let M be an object in Z -modA Then the localizations M a for the 
root a and M® are objects in Z- mod^ again. Moreover, M can carry at most one 
Z a - or Z 0 -structure. 

3.4. Submodules and quotients. Let M e Z- mod^. For a subset T of M 0 
dehne 


m t ■= in0M 0 ’ X , 


x£T 


M t := M/M A v\ T = im j M C M 0 = 0 M 0 ’* 4 0 M % 

xET 


where p denotes the projection along the decomposition. It is easy to see that M T 
and M T are contained in Z- mod^ again. Note that Mt is the largest submodule 
of M that is supported inside T, and M T is the largest quotient of M supported 
inside T. Both constructions are clearly functorial. Write M x,y ’"' ,z instead of 
The objects M x are called the stalks of M. 

The following is a slight, relative generalization of the above construction 
(which corresponds to the case N — 0). 

Lemma 3.9. Let T be a subset of A®. 

(1) Let f : M —>■ N be a surjective homomorphism in Z- mod^. Then there is 
a factorization 

M [/, T} N 

7 

in Z- mod^ such that the following holds: 

(a) f\ is surjective and supp^ker/j C T, 

(b) supp z ker J 2 Ci 8 \ T. 

(2) Suppose that f: M —> N and /': M' —>■ N' are surjective homomorphisms 
in Z- mod^. Suppose that g: M —>■ M' and h: N —>■ N' are such that 
hof = fog. Then there exists a unique homomorphism j : [/, T] —y [f,T] 
such that the two squares in the following diagram 





commute. 


M 
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fl 


lf,T} 


h 


N 

h 


M' 



f 


N' 


Proof. Let W C M be the kernel of /, and set [/, T] := M/Wt and let /i: M —> 
M/Wt and f 2 '. M/Wt —> N be the canonical homomorphisms. We claim M/Wt 
is torsion free as an S'-modnle. Indeed, let m e M be a preimage of a torsion 
element m' in M/Wt- Then /(m) = 0 as N is torsion free, so m € W. Since an S- 
multiple of M is contained in Wt and since W/Wt (this is W is torsion free, 
we have m 6 Wt, so ro' = 0. By construction, the kernel Wt of /i is supported 
inside T, and the kernel W^ 1 = W/Wt is supported inside A 0 \ T. Hence we 
proved (1). Statement (2) follows from the functoriality of the construction of 

W T . ' □ 


4. Sheaves on partially ordered sets 

This section provides some basic results on the topology of partially ordered 
sets and the theory of sheaves on such topological spaces. 

4.1. A topology on partially ordered sets. Let us fix a partially ordered set 
(A,P). For an element A of A we will use the short hand notation A} = 
{B G X | B -< A}. The notations jV A}, {-< A}, etc. have an analogous 
meaning. 

Here is the definition of the topology on X. 

Definition 4.1. A subset J of X is called open , if A e J and B A A implies 
B G J, i.e. if J = 

This clearly defines a topology on the set X. The following statements are easy 
to check. 

Remark 4.2. (1) A subset X of A is closed if and only if X = (Jasx{— 

(2) Arbitrary unions and intersections of open sets are open. The same holds 
for closed sets. 

(3) For any subset T of A, the set T~ := (J 4 gT't— ^ ie sma U es t open 

subset that contains T, and T + := Uast{— ^ ie smallest closed 

subset that contains T. 

(4) A subset /C is locally closed if and only if 1C — JC + D Kr . If /C is locally 
closed, then Kr \ K. is open. 
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4.2. (Pre-)sheaves on partially ordered sets. Now suppose A is an abelian 

category that has arbitrary products. We will study (pre-)sheaves on the space 
X with values in A. Recall that a presheaf on X with values in A is given 
by objects in A for any open subset J of X, together with restriction 
morphisms r'j : — y f or inclusions J' C J that satify r'j, o r'j — r'j 

for nested inclusions J" C J’ C J , and r'j = idWe will often use the 
notation m\ji = r'j (m). A morphism f : ^ — > JV of presheaves is given by a 
collection /^: .T/X 1 —> of morphisms in A that commute with the restriction 

morphisms in the obvious way. 


4.3. Sheafification. Let ^ be a presheaf on X. For a (not necessarily open) 
subset T of X define 


: = 


(m A ) e JJ 


AgT 


m A \ A c = for all A, B e T 1 

and C E X with C A A, C A B J 


Note that = 0. For T' C T C X, the projection YIagt ^~ A FI a&T' ~ A 
along the product decomposition obviously yields a morphism 

As any open subset J of X has the unique finest open covering J = U.4ey{ — 
A}, the sheafification of is the sheaf with sections for any open sub¬ 

set J, and restriction morphisms s'j . The canonical morphism of into its 
sheafification is the following. For any open subset J the direct product of the 
morphisms rjt 4 with A £ J yields a morphism 

tj\ J -A . 


ffence ^ is a sheaf if and only if tj is an isomorphism for any open subset J of 
X. It follows that a sheaf on X is uniquely given by the data of objects A 
for all A £ A and restriction morphisms ^- A -A for B A A that satisfy 

the obvious compatibility conditions. 


Remark 4.3. Suppose that T r C T is such that for all A e T there exists some 
B e V with APB. Then sf: -# {r} -A JX V ^ is an isomorphism (as for 
m = (m A ) € T } any component m A is already determined by ms if A A B). 

Lemma 4.4. Let T C X be a finite totally ordered subset. Suppose that is a 
presheaf on X with = {0} and with the property that for any open set J the 
restriction morphism ^f 3 -a ^' ( " 3nr ' 1 is an isomorphism. Then is a sheaf 
supported inside T■ 

Proof. We show that Xt coincides with its sheafification, i.e. that t j : ^X 3 -a 
X i^ 3 ^ i s an isomorphism for any open subset J. Fix J. As T is totally ordered 
and finite, {J D T)~ is either empty or of the form A} for some A E J AT. 
In the first case, XL 3 = ./XX 3 ^ = 0. In the second case, ./X 3 = Xt- A and 
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A (by Remark [4.3[) and tj is obviously an isomorphism. If A T, 
then hence A is not contained in the support of ^. □ 

4.4. Subquotients and the ^-support. Recall the following notion of sheaf 
theory. 

Definition 4.5. A presheaf on X is called flabby , if for any inclusion J' C J 
of open subsets of X the restriction morphism —$■ is surjective. 

Let M be a presheaf on X with values in A, and let JC be a locally closed 
subset of X. Recall that we denote by IC~ the smallest open subset that contains 
/C, and that Kr \ /C is open again. 

Definition 4.6. Define as the kernel of the restriction morphism /y' xK ': ,M K —» 

In sheaf theory language, those are the sections of M supported inside /C. Note 
that a singleton {A} is always locally closed (with TAX = A} and Kr \ 1C — 

{-< A}). We slightly simplify notation and write -J^\_a\ instead of ^\{a}]- 

Definition 4.7. Define the A -support of a presheaf ^ as supp^ ^ := {A G X \ 

^[A] ~f~ 0}. 

We warn the reader that this is not the sheaf theoretic support of , as the 
latter would be the set of all A with A 0 (as ^- A is the sheaf theoretic 
stalk of ^ at A). 

Definition 4.8. A presheaf ^ on X is said to be finitely supported if .M[a\ = 0 
for all but finitely many A G X and if the set {C G X \ ° 0} is locally 

bounded from below. 

Recall that a subset T of X is called locally bounded from below , if there are 
Ai,..., A n G A such that T C Ui=i,..., n {- A}- 

Note that while it is convenient for us to state the above definitions in the 
context of presheaves, they really make more sense in the category of sheaves. 

The following is easy to prove. 

Remarks 4.9. (1) Suppose that ^ is a flabby sheaf on X. Let J' C J C X 

be open sets and set /C = J \ J'. Then the restriction morphism -A- 
induces an isomorphism 

= ./#[£]• 

(2) Let be a finitely supported flabby sheaf on X and let /C be a locally 
closed subset of X. Let /C D supp_<^# = {Ai,..., A n } be an enumeration 
such that Aj A, implies j A i- Then there is a cofiltration = 

D D • • • D 1 = 0 in A with ■ 
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Lemma 4.10. Let ^ be a flabby, finitely supported sheaf. Let J' C J be open 
subsets of X with J' C Isupp^^# = J flsupp^^#. Then the restriction morphism 
Jt j -> JC 3 ' is an isomorphism. 

Proof. As is flabby, the restriction morphism is surjective. By 

Remark 14.91 its kernel is and this is an extension of the objects ^\a\ 

with A E J \ J'. But all those objects are trivial as (J \ J') D supp^.# = 0. 
Hence = {0}. □ 

4.5. Exact sequences. The category of sheaves on X with values in A is abelian, 
hence we have a notion of short exact sequences. 

Lemma 4.11. Let 0 —> &/ sequence of finitely supported 

flabby sheaves on X. Then the following statements are equivalent: 

(1) The sequence is exact. 

(2) For any open subset J of X, the sequence 

0 ->■ ->■ 38 J -A <£ J ->■ 0 

is exact in A. 

(3) For any A E X, the sequence 

0 -A -a 38~ A -a tf~ A -A 0 

is exact in A. 

(4) For any A E X, the sequence 

0 —> £&[A\ ~F 38[A] ^[A] 0 

is exact in A. 

Proof. Recall that a sequence of sheaves is exact if and only if the induced se¬ 
quences on all stalks are exact. Hence (1) and (3) are equivalent. Moreover, (3) 
is a special case of ( 2 ). And ( 1 ) implies ( 2 ) by standard arguments (using the 
flabbiness of srf'). Hence (1), (2) and (3) are equivalent. The snake lemma proves 
that (2) implies (4). For a finitely supported sheaf the object is a (finite) 
extension of the subquotients by Remark 14.91 hence (4) implies (2). □ 

5. Sheaves on (A, F) 

Consider the set A of alcoves as a topological space with the topology induced 
by the generic Bruhat order F. In the following we consider sheaves on the 
topological space A with values in the abelian category Z -mod of 2-modules. 
The sheaves that we are most interested in, however, satisfy some conditions, 
the most important of those are the support condition and the local extension 
condition. 





15 


5.1. The support condition. Note that we defined two notions of support. 
One is the 2-support of an object in 2-mod'^. This is a subset of the set A 0 of 
ZR -orbits in A. The other the 2-support of a sheaf of 2-modules on A, and this 
is a subset of A. The following definition relates these two notions. Let ^ be a 
sheaf on A with values in 2-mod . Denote by 7r: A —* A® the orbit map. 

Definition 5.1. We say that At satisfies the support condition if for any locally 
closed subset /C of A the 2-module is 2-supported inside 7r(/C). 

Remark 5.2. Remark 14.91 (2), implies the following. If ^ is a finitely supported 
flabby sheaf, then it satisfies the support condition if and only if for any A G A 
the element z = ( zb ) G 2 acts on ^[a\ via multiplication by Za- 

5.2. The localization of sheaves. Let a G R + and let ^ be a presheaf of 
2-modules on A. Define a presheaf of 2“-modules on A by simply setting 

:= S a and (r y/a )j = (r<S> 1 for an inclusion J’ C J of 

open subsets. We define the presheaf of 2®-modules analogously. 

Lemma 5.3. Let ^ be a presheaf on A with values in 2-modA 

(1) Suppose that is a finitely supported sheaf. Then and for any 
a G R + are sheaves. 

(2) If is a sheaf for each a G R + , then M is a sheaf. 

Proof. We prove part (1). So let be a finitely supported sheaf. Let a G 

R + . In order to show that is a sheaf, we show that it coincides with its 

sheafification, i.e. that for any open subset J the homomorphism tj: —y 

is an isomorphism. First, observe that for any finite set T the canonical 
homomorphism is an isomorphism. Now fix J and let 

T = J fl supp^.#. By the definition of support and since is a sheaf, the 
homomorphism m H>■ (m\^A)AeTi is an isomorphism. Applying 

the functor (•)“ hence yields an isomorphism = 

So each local section of is uniquely determined by its restrictions 
to {2 A} with A in supp^^, and the above isomorphism hence implies that 
is a sheaf. With analogous arguments we prove that .# 0 is a sheaf. 

Now let us prove (2). First note that if is a sheaf for some a, then .-# 0 
is a sheaf as well (by the arguments above). Suppose we are given local sections 
mi G for i G / with rrq | These can be considered as 

sections in ( y AH a )'^ i . So if is a sheaf, there is a unique section m a G 
(with J = UiGJ Ji) extending all m;. But the sections m a must coincide as 
sections in ( t ^ 0 )' 7 , as is a sheaf. Hence this section is already contained in 
^ = ' □ 

5.3. The local extension condition. Let .M be a sheaf on A with values in 
2-mod^. The results in Section [3731 imply that there is a canonical decomposition 

= ©re^« where is a sheaf of 2(r)-modules. For our category, 
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we require a finer decomposition. Note that each W“-orbit T is a disjoint union 
of o-strings. 

Definition 5.4. We say that jjt satisfies the local extension condition if for any 
ol e R + the sheaf ^ 01 splits into a direct sum ^ a = i n such a way 

that each .Mfl is ^-supported inside a single cc-string in A. 

5.4. Categories of sheaves. Now we are ready to define the categories of 
sheaves that will play a decisive role in the following. 

Definition 5.5. Denote by C the full subcategory of the category of sheaves on 
A with values in 2-mod that contains all objects ^ that satisfy the following: 

(1) for any open subset J of A, is an object in 2-mod-', 

(2) M is flabby and finitely supported, 

(3) ^ satisfies the support condition and the local extension condition. 

Remark 5.6. Let be an object in C. As we do not assume any finiteness 
condition on the 2-modules for open J, we can view the localized sheaf 
for a 6 R + or as objects in C as well. Note that by Remark 13.81 an 
object ^ can carry at most one structure as a sheaf of 2"- or 2®-modules. 

Sheaves that admit a Verma flag are defined as follows: 

Definition 5.7. We say that an object ^ of C admits a Verma flag if for any 
open subset J the object is graded free of finite rank as an S'-module. We 
denote by B the full subcategory of C that contains all objects that admit a 
Verma flag. 

Lemma 5.8. The object in C admits a Verma flag if and only if -M^a\ is a 
graded free S-module for any A E A. 

Proof. By Remark 14.91 each local section of is an extension of the subquotients 
AZ[a] with A E J . Hence local sections are graded free as S'-modules if and only 
if all subquotients are graded free as S'-modules. □ 

6. Sheaves associated with the structure algebra 

Let K, C A be a locally closed subset. Define a sheaf /C of 2-modules on A in 
the following way. For any open subset J of A set 

K J := Z(JCnj), 

and use the canonical homomorphism Z(K. H J) -A 2(/C fl J') for two open 
subsets J' C J as the restriction homomorphism. This defines a presheaf V of 
2-modules on A. From the locality of the definition one immediately deduces 
that V is a sheaf. For 1C C 1C the canonical homorphisms Z{JCAJ) -A Z{1C'VJ) 
combine and yield a homomorphism V —?• KJ_ of sheaves. 
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6.1. Standard objects in C. In the special case 1C = {£7} we set Y{C) := {£7}. 
For any open subset J we hence have 


V(C) J := 



if £7 G J, 
else 


as a graded S'-module, and the 2-module structure is such that z = (za) acts as 
multiplication with zc G S. The restriction maps are the obvious (non-trivial) 
ones. It is easy to check that it satisfies the properties required for objects in C. 
Clearly it admits a Verma flag, hence is contained in B. 


6.2. Sheaves associated with special sections. Fix A E X and recall the 

special section IC X . It is a locally closed subset of A. 


Proposition 6.1. (1) The sheaf 1C x is an object in B. 

(2) For A E A we have 


10, ifA#JC x , 

— {A] \S[-2/ a ], ifAelC x , 

where l a is the number of a E R + with s a ,{A,a v >(^4) A A. 

(3) JCx admits a Verma flag, is indecomposable and admits an epimorphism 
onto 't'(Af). 


Proof. It follows from Proposition 13.41 that JC X is a flabby sheaf. Let A E A. If 
A JC X , then A} n IC X = {-< A} n IC X and hence /Ca^ =0. If A E JC X , then 

the kernel 1C X ~ A —* /Ca ^' 4 is the set of all r = (rc)ceJtn{^n} with rc = 0 unless 
£7 = A. Hence IC X ^ = (n a) S', where the product is taken over all a G R + such 

that there is some n6Z with s Qjn (£7) e /CaH{^ A}. Now s 0in (£7) e IC X n{^ A} 
is equivalent to n — (A, ct v ) and s Qjn (H) A A. Hence /Ca^ = S[—21a], so (2). It 
follows furthermore that IC X is finitely supported. The definition of the 2-module 
structure implies directly that IC X satisfies the support condition. 

Let a G R + . As the image of /3 V is invertible in S a for all fl e R + , ft a, we 
have 


(K/r = 



© 5 “ 

Ae/cny 


ta = r s a ,n(A) m °d ofl for all A E 1C fl 
n6Z with s atn (A) E /CD J 



As the relations are hence only between components indexed by elements in the 
same a-string, it follows that }C X satisfies the local extension condition as well. 
Hence (1). 

Finally, it is immediate from the definition that each local section of }C X is an 
object in 2-rnodA Together with the above it follows that }C X is contained in C. 
Lemma 15.81 together with the above implies that IC X admits a Verma flag. The 
global sections of IC X are a free 2-module of rank one by Lemma [3.31 Since 2 is 








18 


indecomposable, the sheaf K,\ is indecomposable as well. Finally, as A x is a 
minimal element in the support of K,\, there is an epimorphism K\ —> F (Ajj). □ 

7. Projective objects in C 

The category C is not abelian (as, for example, its objects are supposed to 
be torsion free, which prevents general quotients). However, it inherits an exact 
structure from the surrounding category of sheaves of ^-modules on A, and the 
equivalent statements for short exact sequences in Lemma 14.111 hold. Hence we 
have a notion of projective objects. 

7.1. A sufficient condition on projectivity. 

Proposition 7.1. Let FS be an object in C with the following properties: 

(1) For each x G A 0 and each A e x, the stalk (F§- A ) x is projective in the 
category of graded S-modules. 

(2) For each G C and all A e A the following holds: Suppose that we are 
given for each B -< A a homomorphism h - B : F$ BB —y ^/T- B such that for 
all C -< B -< A the diagram 

commutes. Then there is a homomorphism h - A : F$- A —> ^/F- A of Z- 
modules such that the diagrams 

&£■ A — Jt^ A 

commute for all B -< A. 

Then FS is projective in C. 

The verticals in the above diagrams are the restriction homomorphisms. 

Proof. Let /: — b-FV be an epimorphism in C and let g: SS —y JF be arbitrary 

morphism in C. We want to construct a morphism h: F$ —> .M with g = f oh. 
We need to construct homomorphisms h ~ A : FS- A —> of ^-modules that 

are compatible with the restriction homomorphisms of FS and We do this by 
induction on A. As the set {B e A \ FS- B ^ 0} is locally bounded from below, 
we can assume that we have already constructed h- B for all B -< A. By our 
assumption, there is a homomorphism h- A : F3- A —¥ A that extends all h- B . 
But note that we do not necessarily have g- A = f- A o h- A . However, the image 
of the difference l := g- A — f- A o h- A \ F§- A —> JF- A is contained in the kernel 
AW of the restriction J\F- A —> jF < a . In order to correct our choice, it is hence 
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sufficient to find a homomorphism h': AS- A —y such that l = f- A \ js [ a] ° h ', 

since then h- A := h- A + h' is such that g- A = f- A o h- A . 

Let x = 7 t(A). By the support condition, JV[a\ is supported as a Z-module 
inside {x}, and hence there is a homomorphism l\ (AS- A ) X —$■ <Ma] such that the 
diagram 



A ) x 

commutes. As / is an epimorphism in C, f[A] : is surjective (cf. 

Lemma [4. 111 ) . As (AS- A ) X is projective in the category of graded S'-modules, we 
can find a homomorphism r : (AS- A ) X -A ^\a\ such that the diagram 

(&* A ) X 

-•#[A] -" *AS[A\ 

commutes. Now we can take for h' the composition AS- A (AS- A ) X -4- ,M\a\ ■ 

□ 

7.2. Special projectives. Our next goal is to show that the sheaves /Ca are 
projective objects in the categories C and B. For this, we will need the following 
result. 

Lemma 7.2. For any alcove A and any A G X with A} D /Ca 4 0 we have 
tt({A A} D /C A ) = 7r({-< A} D /C A ) U {7t(A)}. 

Proof. We only have to show that 7 t(A) G vr({^ A} D /Ca). Note that there is a 
unique 7 G 7LR with A E 1C a + 7 = 1C a+ 7 . We claim that 7 > 0. This serves our 
purpose, since then A — 7 G /Ca and A — 7 A A. 

Pick an element B G IC\ with B A A. Then there exist aq,..., ay G R + and 
ni,..., n r G Z such that 




A )>- Ax )=- A 2 A r — 7?, 

where A* = ... s ai , ni (A). Denote by x := 5 ari „ r s Qr _i,nr-i • • • 

By definition of the generic order (by induction on r), it is easy to see that if v 
is in the closure of A, then v — x{v) G M> 0 7? + . Since x(A + 7 ) = A, we deduce 
7 G M> 0 -R + and, hence, 7 > 0. □ 

Proposition 7.3. The object 1C\ is projective in C. 

Proof. We show that AS \= 1C\ satisfies the sufficient conditions listed in Propo¬ 
sition [TAJ By Proposition 13.41 for any open subset J of A we have a surjective 
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homomorphism 2 — y . As the stalks, by definition, are torsion free as S- 

modnles, it follows that (3§- A ) x either vanishes or is graded free of rank 1 as an 
S-module. In any case the stalk is projective in the category of graded S-modules. 

We need to check the second condition. So let A G A and let .At be an ob¬ 
ject in C. Suppose that we are given homomorphisms h- B : A)- B —» AZ- B of 
2-modules for all B -< A and that these data are compatible with the restriction 
homomorphisms. We have to find a homomorphism h- A : £$- A —» ^A- A extend¬ 
ing these data. We distinguish two cases. If {2 A} fl K\ = 0, then AS- B = 0 for 
all B A A, so h- A = 0 serves our purpose. 

Suppose that {2 A} fl fC\ ^ 0. Now the homomorphisms h- B for B -< A 
combine and yield a homomorphism h <A \ 3$ <A —* ^ <A of 2-modules and we 
need to find h- A : £$- A —> ,M- A such that the diagram 

jf<A 




m* A 


h^ A 


n-< A 


Jt <A . 


commutes. We claim that Q := (rf; A ) 1 (h <A (£3 <A )) is 2-supported inside vr({^ 
AIH/Ca). Indeed, the image of h AA is 2-supported inside vr({-< A}n/C,\), as 3§ <A 
is, and the kernel of r AA is supported inside 7t({A}), as satisfies the support 
condition, and the claim follows from Lemma [7.21 Now choose a homomorphism 
h: Z —>■ Q of 2-modules that renders the diagram 

2----Q 


_ ^({AAjnKx) 


h <A 


r^ A 
' AA 


JZ <A 


commutative (c is the quotient homomorphism). By what we observed above, 
h must factor over the quotient 2 —> 2 7r (12 j4 } n/c >) = 3§- A , and the resulting 
homomorphism h- A : SS- A —> Q C A satisfies the conditions mentioned in 
Proposition 17.11 

□ 


8. Wall crossing functors 

The main purpose of this section is to construct a wall crossing functor iD s : C — > 
C for each affine simple reflection s G S. Fix an element s in S. 

8.1. The s-invariant subalgebra. Consider the action A — » A, A i— y As of s 
on the right of A, and define 

Z s := {(2a) G 2 | za = for all A G A} , 

Z~ s := {{z A ) G 2 | z A = —Zas for all A G A} . 

As we can identify 2 with the structure algebra of the moment graph Q associated 
with the root system R in such a way that the right action of s corresponds to 
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the right multiplication of s on Wo, we have the following (note that we assume 
that 2 is invertible in k). 

Lemma 8.1 i |Fie()8[ Lemma 5.1 & Proposition 5.3]). (1) We have a decom¬ 

position Z = Z s © Z~ s , and Z~ s is a free Z s -module of graded rank v 2 
(i.e. Z~ s = Z s [-2}). 

(2) We have supp 2 (2 <Z>z s N) = (supp^iV) U (supp^iV)s for any Z-module 
N that is torsion free as an S-module. 

We consider the functor e s := Z Z>z a '[1] : Z-m od — y Z- mod. By the above, this 
is an exact functor (with respect to the natural exact structure on 2-mod), and 
e s M = M[1]©M[— 1] as an S-module. It follows that e s restricts to a endofunctor 
on the category 2-niod^. 

Theorem 8.2. Let s E S. 

(1) There is an up to isomorphism unique functor id s : C —> C with the follow¬ 

ing property. For any s-invariant open subset J of A we can choose an 
isomorphism sj\ —> e s (AH J ) of Z-modules in such a way that 

for all inclusions J' C J of s-invariant subsets the diagram 

(tisJty — 7 -^e s {JZ J ) 

r J s , esir^,) 

commutes. 

(2) The functor il s has the following properties: 

(a) It is exact. 

(b) It is self-adjoint, i.e. there is a bifunctorial isomorphism 

Hom^.#, AT) = Hom(^#, i9 s A^) 
for .M, G C. 

(c) It preserves the category B of objects that admit a Verma flag. 

(d) For A e A with A A As we have functorial isomorphisms 

(fl s ^)[A] = A£[a,As][ 1] and {jd s ^)[As\ — ^[A,As][—I]- 

We prove the theorem in the following way. First we show that there is at most 
one functor satisfying the property stated in (1) (up to isomorphism, of course). 
Then we construct a presheaf for any object in C in a functorial way. We 
show that is indeed a sheaf, and even an object in C. From the construction 
it will be clear that it satisfies the property stated in (1). Hence we established 
the existence of the functor d s and finished the proof of (1). Then we show that 
this functor has all the properties listed in (2). 

8.2. The uniqueness statement. The uniqueness statement in Theorem 18.21 
follows directly from the slightly more general statement in the next proposition. 
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Proposition 8.3. Let ^YY and jY be objects in C and suppose we are given for 
any s-invariant open subset J of A a homomorphism f^ : jYY^ —>• JY^ in such 
a way that for any inclusion J' C J of s-invariant open subsets of A the diagram 

f (j) 


JY J 

r j,j' , 

JY 3 ' 


JY J 


pj') 


r j,J' 


AY 3 ' 


commutes. Then there is a unique homomorphism f: 
f J = ffor any s-invariant open subset J of A. 


—» AY in C such that 


Proof. Let J be an arbitrary open subset of A, and denote by and J b the 
smallest s-invariant subset of A containing J and the largest s-invariant subset 
of J. Both sets are open by Lemma 12.71 By the support condition, the kernel 
of the restriction homomorphism JY 3 —> JY 3 is .^-supported inside 
7T(77** \ 27) C 7r(Ul + ), and the kernel of JY\j\j\,-\ of ./YY 3 —> JY 3 " is Z-supported 
inside 7r(27 \ J 9 ) C 7t(^ 4 _ ). By Lemma 12.71 these sets are disjoint. Hence the 
diagram JY ji —> JY 3 —\ JY 3 * identihes with the diagram JY 3% —\ [r 3 t , *4. + ] —> 

JY 3 ^ constructed in Lemma 13.91 The analogous statement holds for AY. The 
functoriality statement in Lemma [o~T71 yields the statement of the proposition. □ 


8.3. The construction of d s ^YY. Let ./YY be a sheaf on A with values in Z- mod^. 
Let J be an open subset. Let j' 9 C J C be as in the previous section. The 
surjective homomorphism r^ # : .M 3 ^ —>■ JY 3 ' induces a surjective homomorphism 

e s (r^ # ): e s (^YY ji ) —> e s (^ 3 ') of ^-modules. Using Lemma [3791 we construct 
( d s jY) 3 as the up to isomorphism unique object in Z- mod^ that fits into the 
diagram 

e s ^AY jt ) ——7-j- j} s JY 3 - — — e s (^AY jb ) 



with surjective homomorphisms f\ and / 2 and with ker /i ^-supported inside 
7 t(^ 4 + ) and ker/ 2 supported inside ti(A~). For an inclusion J’ C J of open sub¬ 
sets we have 27 /b C and C Jf The corresponding restriction homomor¬ 
phisms ay ji> —>■ ^ YY 3 and JY jb —\ ./YY 3 ' b induce homomorphisms e s (AY 3> ) —> 
e s {JY 3>i ) and e s (JY 3 ') —>■ e s ^/YY 3 ' b ). By Lemma [3.91 there is a unique homomor¬ 
phism r'j such that the diagram 


e s (JY 3i ) — - (L) S JY) J — e s {JY jb ) 

r j’ 

r j 

e s (AY J,i ) {d s JY) 3 ’ 


( 1 ) 
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commutes. For a nested inclusion J" C J' C J the uniqueness statement in 
Lemma 13.91 implies Tj, orj = r j . Hence we constructed a presheaf on A 
with values in Z- mod^. Clearly this construction is functorial, so d s is a functor 
from C to the category of presheaves A with values in Z- mod^. We now want 
to show that is an object in the category C if is. Let’s start with some 
easy to deduce properties. 

Lemma 8.4. Suppose At is a flabby, finitely supported sheaf on A with values 
in Z-modfl Then the following holds. 

(1) is a flabby presheaf. 

(2) Let J' C J be open subsets of A with J'P\( supp^^#) 1 * = J fl (supp 

Then the restriction homomorphism —)■ is an isomor¬ 

phism. 

Proof. We prove (1). Let J' C J be an inclusion of open subsets of A. Then 
the left vertical homomorphism in the diagram ((Tj) is surjective by the exactness 
of e s and the flabbiness of As f[ is surjective, so is rj . Hence (1). 

Let us now prove (2). Note that (J'fl C J^ and (J'fl D (supp^^#) # = D 
(supp^./#)L Similarly, (J')° C J b and ( l 7') b n(supp^^#)^ = J^C \(By 
Lemma f4. 101 the restriction homomorphisms At^ —> and —>■ AfA't 

are isomorphisms. In the diagram (JT]) the vertical homomorphisms on the left 
and on the right are hence isomorphisms. The uniqueness statement in Lemma 
13.91 then shows that also the middle vertical homomorphism is an isomorphism 
as well. □ 

The next goal is to show that d s AL is a sheaf for any object At in C. The 
following is a local version of the sheaf property. 

Lemma 8.5. Let a G R + . Suppose that At is a finitely supported flabby sheaf 
on A with values in Z a -modfl Suppose that supp^# is contained in a single 
a-string A. 

(1) Then is a sheaf on A with values in Z a - mod^ and supp^d s At C 
(supp^Afl. 

(2) If A 11 is not totally ordered, then d s ^A = At\ © Afi, where At[ and A^ 
are sheaves of Z a -modules with supp^Ai C supp^A' and supp ^A^ C 
(supp ^At)s. 

Proof. For notational convenience, set T : = (supp^Atfl. First suppose that 
A tt = A U As is totally ordered. Let J be an open subset of A, and let J' be 
the smallest open subset containing J fl T. Then the restriction homomorphism 
(i} s A)^ —y (d s ~A)^ is an isomorphism by Lemma 18.41 Now T is finite and 
totally ordered. By Lemma 14.41 d s At is hence a sheaf supported inside T. 
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Now assume that is not totally ordered. This implies A ^ As. By Lemma 
12.111 either A contains only s-dominant elements, or only s-antidominant ele¬ 
ments. We assume that A contains only s-dominant elements. The other case is 
proven with analogous arguments. 

Note that since A ^ As, the W“-orbits Ti through A and T 2 through As 
are disjoint. By what we observed in Section 13.31 there is hence a canonical 
decomposition ( d s ^) a = JV\ © jV 2 of presheaves of ^“-modules such that is 
a presheaf of Z“(Tj)-modules for i = 1, 2. 

Let J be an open subset. We first prove the following: 

(1) The restriction homomorphisms JV^ 7 — > JV^ 7 and jV 2 ^ are 

isomorphisms. 

As and hence jV\ and JV 2 are flabby presheaves, the restriction homo¬ 

morphisms are surjective. By construction, the kernel of {{} s ^) 7 —>• {d s ^) 7 
is Z-supported inside As is a sheaf of 2' a (T 1 )-niodules and since 

7t(T 1 ) C 7t(^4 + ), the kernel of — > JV{ 7 is hence trivial. So the restriction 

is injective. Similarly, the kernel of (' d s ^) 7> —> (^) 7 is ^-supported inside 
7t(*4. + ). As is ^-supported on 7t(T 2 ) C 7r(Al _ ), the restriction Jf 7 ^ —> 

is injective. Hence the claim is proven. 

Now let J\ C J be an open subset with J\ D supply# = J n supp^^#. 
As supp^.'# contains only s-dominant elements, even J\ D (supp^^) fi = J fl 
(supp^#) 1 * and hence J{ fl (supp^^)** — J 7 C\ (supp^^)* 1 . Consider now the 
diagram 

A ' 7 -- 

'/V 71 -- Af* 

(the maps are the restriction homomorphisms). The horizontals are isomorphisms 
by the claim above. It follows from Lemma 18.41 that the right vertical is an 
isomorphism (as j\ fl (supp^#)* = fl (supp^^) 1 *). Hence the left vertical 
is an isomorphism. Now it follows from Lemma [4741 that is a sheaf supported 
inside supp_<^. 

Now let J 2 C J be an open subset with J 2 fl (supps = J fl (supp 
Then j\ fl (supp^#)* 1 = D (supp^^) 1 *. 

Consider the diagram 

Mf’ - 

* 
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(the maps are the restriction homomorphisms). As before we show that the 
horizontals and the right vertical are isomorphisms, hence so is the left vertical. 
As before we deduce that JV^ is a sheaf supported inside (supp < ^)s. □ 

Now we can prove that d s indeed has all the properties listed in Theorem 18.21 

Proposition 8.6. Let ^ be an object in C. Then the following holds. 

(1) is an object in C. 

(2) For any locally closed s-invariant subset /C C A there is a functorial 
identification (’ds^)[K] — e s(^\K]) of Z-modules. 

(3) For A E A with A A As we have functorial isomorphisms {jd s ^)[A} — 

A^[a,As] [1] and pi s ] = .At A,A.s] [ 1] • 

(4) The functor ij s : C —>■ C is exact. 

(5) The functor id s preserves the subcategory B. 

(6) The functor ij s : C —>■ C is self-adjoint. 

Proof. We first show that is a sheaf. By Lemma 15.31 it suffices to prove 

that for any a G R + the presheaf {d s ^) a is a sheaf of ^“-modules on A. So 
fix a G R + . Then fd s ^f) a can be identified with d s (^' a ). As satisfies the 
local extension condition, splits into a direct sum of sheaves in such a way 
that each direct summand is supported inside a single a-string. This allows us 
to reduce the statement to the case that ^ is a sheaf of ^“-modules that is A- 
supported inside a single a-string. This case is settled in Lemma 18.51 This lemma 
also implies that satisfies the local extension condition. By construction it 

is clear that is finitely supported, its sections are objects in Z- mod'^ and 

it is flabby by Lemma [8.41 Lienee in order to prove statement (1) it remains to 
show that satisfies the support condition. 

But we first show statement (2). Since we now know that is a sheaf, it 

makes sense to talk about the subquotient (i9 s ^)[^\. If /C is s-invariant, then 
Kr and JC~ \ /C are s-invariant as well. As we can identify the restriction homo¬ 
morphism —>■ fd s J%) K A w ith e s {^ K ) —> e s (^# /c A) we have, using 

the exactness of e s , ('d s ^)[?q = e s .A([ic\ functorially, hence (2). 

Now we show (3). Let A G A be s- antidominant. As {A, As} is a locally closed 
s-invariant subset there is a functorial identification (d s ^()[ a,a s \ — £s{^[a,As]) by 
(2). In the short exact sequence 

0 —> {'d s A^)[As\ ~t (' & s ^)[A,As] y {^s^)[A} —• y 0 

the left hand side homomorphism is the inclusion of the maximal submodule 
supported inside tt (A), so this short exact sequence identifies with 

0 —> Z(A, As)[As\®s^[a,As\ Z(A, As)<S>s-^[a,As] Z(A, As) a <S>s^[a,As] a- 0. 
shifted by [1]. Claim (3) now follows from the fact that Z(A, As)^] = S[— 2] and 
Z(A,As) a = S. The above argument also implies that fd s ^)[c\ is ^-supported 
inside tt{C) for any C G A. Hence satisfies the support condition by Remark 
15.21 Hence we finished the proof of (1). 
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Now (4) and (5) follow from (3) using Lemma, [4.Ill and Lemma [5.81 resp. 

Finally, let us prove that d s is self-adjoint. By [Fie08l Proposition 5.2] the 
functor e s = Z -[1] is self-adjoint i.e. Horn z(e s M,N) = Homz(M, e s N) 
functorially on the level of ^-modules. Let J be an s-invariant open subset of 
A. As d s (X) J = e s (A^) functorially for any object X of C, there is a functorial 
isomorphism 


( f>j : jV j ) = Hom 2 (^ J , ( d s JT ) J ) 

for all ,M and jV in C. Moreover, for an inclusion J' C J of s-invariant subsets 
we can identify the diagrams 

(-- Jfl j and J£j -*. 

{d s jty —- jy j ' jt j ' —- ('. 

By Proposition 18.31 a homomorphism ,<X —> AS in C is uniquely determined by 
its components f or s-invariant open subsets J, and conversely, a 

family —)■ AS J of homomorphisms of ^-modules for any s-invariant open 

subset J that is compatible with the restriction homomorphisms, determines a 
morphism sA — > AS in C. Hence the above identification yield an isomorphism 
Hom c (^ s ^#, AS) = Horn ,d s XP). □ 

As d s is an exact self-adjoint functor by Proposition!/; d8.6l the following is 
immediate. 

Corollary 8.7. Suppose that P E C is projective. Then $ 6 .P E C is projective 
as well. 

8.4. Constructing projectives via wall crossing functors. 

Theorem 8.8. Let A E A and suppose that A E n A . 

(1) There is an up to isomorphism unique object AS{A) in C with the following 
properties: 

• AS {A) is indecomposable and projective in C. 

• AS(A) admits a surjective homomorphism AS(A) —)■ Y (AfltlflAf. 

(2) The object AS(A) admits a Verma flag. 

Proof. We first show that there is at most one object (up to isomorphism) with 
the properties listed in (1). Suppose that we have found an object AS(A) that 
has the stated properties, and suppose that P is a projective object in C that 
has an epimorphism onto Y(A)[l\(A)\. Then the projectivity of AS(A) and P 
implies that we can find homomorphisms /: AS(A) P and g : P —>■ AS(A) such 
that the diagram 
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&(A) ---P--- &(A) 

r(A)[h(A)} 

commutes. The composition g o f must be an automorphism, as it cannot be 
nilpotent and 38{A) is indecomposable (we use the Fitting decomposition in the 
category of sheaves on A). Hence 38(A) is a direct summand of P. If the latter 
is indecomposable, then 38(A) = P, and hence we have proven the uniqueness 
statement. So we are left with showing that an object 38(A) in C with the desired 
properties exists. 

First suppose that A = A 3 . In this case, the object 38(A 3 ) := /Ca[£a(^a)] is 
contained in B, it is indecomposable and admits an epimorphism onto "V (Ajj) [Zx(A3 )] 
by Proposition 16.11 and it is projective in C by Proposition 17.31 Now let A G n A 
be an arbitrary alcove. By Lemma 12.31 we can then find A G X and simple 
affine refactions Si,... ,s n in <S with A = Ajjsi ■ ■ ■ s n and A -< A 3 si ■ ■ ■ s n _i -< 

• • • -< A 3 . As the wall crossing functors preserve projectivity, the object 32 = 

3 Sn ■ ■ •'d Sl 38(A 3 ) is projective in C. By construction, A is a minimal element in 
supp_,i2. Hence there is an epimorphism 32 —» V(A)[£\(A)]. So we can take for 
38(A) every indecomposable direct summand of 32 that maps surjectively onto 
Y(A))[l\(A)\. This proves the existence part (1). As the wall crossing functors 
preserve the category 38, the object 32 is contained in 3% and hence so is its direct 
summand 38(A). □ 
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